Size-dependence of plastic flow is studied by discrete dislocation dynamical simulation of systems with various numbers of interacting linear edge dislocations while the stress is slowly increased. Regions between avalanches in the individual stress curves as functions of the plastic strain were found nearly linear and reversible, where the plastic deformation obeys an effective equation of motion with a nearly linear force. For small plastic deformation, the means of the stress-strain curves are power law over two decades. Here and for somewhat larger plastic deformations, the mean stress-strain curves converge for larger sizes, while their variances shrink, both indicating the existence of a thermodynamical limit. The converging averages decrease with increasing size, in accordance with size-effects from experiments. For large plastic deformations, where steady flow sets in, thermodynamical limit was not realized in this model system.
Introduction and overview:
As known from research in the past decade, the stress-strain curve of micronscale specimens contains random steps, where the plateaus mark avalanches, a behavior also observed in simulations. [1] [2] [3] [4] [5] [6] Recently there has been a series of studies about the statistics of avalanches, and some on probabilistic properties of the yield stress, 4, 7, 8 but the dependence of these features on the sample size was less investigated. 7, 9, 10 The stair like stress-strain response caused by the dislocation avalanches become significant if the system size is in the order of 1µm. Nevertheless, the size dependence of the plastic deformation is observed already at much larger system sizes. In most cases the smaller sample requires larger stress level to get the same deformation. The effect is traditionally modeled by large scale discrete dislocation dynamical (DDD) [11] [12] [13] [14] simulations, phenomenological "nonlocal continuum theories" in which an appropriate gradient term is added to the stress-strain relation 15, 16 , or by continuum theory of dislocations [17] [18] [19] [20] [21] [22] [23] . It is obvious, however, that a continuum theory is not applicable if the dislocation spacing is comparable to the system size.
In this paper the size-dependence of plastic deformations is studied by DDD simulation of systems with various numbers of interacting linear edge dislocations while the stress is slowly increased. Note that elastic deformations are not considered in this model, so strain and deformation are understood as purely plastic. Our main observations in this work are as follows. Between avalanches the stress grows close to linearly with the deformation. Tests of load cycles show that here the deformation is approximately reversible, so plasticity appears as a randomly alternating sequence of quasi-reversible deformations and avalanches. The linearity coefficient is random even for systems of the same size (number of dislocations N ), with a sharpening distribution for larger N . In each realization, assuming an effective equation of motion for the deformation, we find a close-to-linear effective force, with a random spring constant. The full individual staircase-like stress-strain curves of the same N also have a mean, which is a smooth function, different for different N 's. Up to a certain threshold deformation γ th the mean stress-strain curve seems to converge for large N , while the variance goes to zero. So for large N essentially the same sharp stress-strain curve emerges for each realization, indicating the existence of a thermodynamic limit. This refines the finding of Tsekenis et al. 9 , where the natural scaling by √ N let curves collapse even for smaller N . Within the region of thermodynamical limit γ < γ th , for two decades in the strain, the mean stressstrain curve is a power law, with an exponent decreasing from 1 for small N to about 0.8 for large N . This is caused by the alternation of linear, quasi-reversible segments and plateaus of avalanches with random lengths in the stress-strain response function. Furthermore, for the model under study, there seems to be no thermodynamical limit for large deformations in the model under study.
Simulation method: Plastic deformation is mainly due to the motion of dislocations, 24 interacting via a longrange stress field. Here we study one of the simplest models of dislocation systems described as follows.
1,25-28
Straight and parallel edge dislocations with parallel slip axes are considered, essentially a 2D cross section of a 3D system. Periodic boundary conditions are used on a square of side L, the slip axes are parallel to one edge of the square (the x axis), and for each realization dislocations are initially randomly placed with a uniform distribution. In the beginning each realization contains a fixed number N of dislocations, with equal number of positive and negative Burgers vectors s(b, 0), where b is the lattice constant and s = ±1. Only dislocation glide is taken into account so the dislocations' vertical (y) coordinates are constant.
One positive dislocation induces the shear stress field
where r = (x, y) is the radius vector from that dislocation, r = | r|, D = µ/[2π(1 − ν)], with µ being the shear modulus and ν the Poisson number. The i'th dislocation is exposed to the shear stress field of all the others' j = i and to the external field taken to be the uniform τ ext , wherein it performs overdamped motion with drag coefficient B. Thus the equation of motion of the i'th dislocation is 6 ,29
where the s k is the sign of the k'th dislocation and r k = (x k , y k ) its position. The plastic strain is calcu-
where ∆x is the change in the x coordinate relative to the initial value. This equation is rendered periodic numerically by including sufficiently many mirror images of the j'th dislocation. The resulting equation of motion is solved with 4.5th order Runge-Kutta method. Adaptive step size is used to better treat narrow dipoles. For very narrow dipoles would demand excessive computation time, we annihilate (different sign) or merge (same sign) dislocations if they are closer than 0.05 L/ √ N . Whereas annihilation decreases the dislocation number, in order to avoid ambiguity, in the conversion formulas we use the original dislocation number N . Note that dislocations are not created in our model, corresponding to non-source-controlled plastic deformations. Throughout the paper simulations with N = 32, 64, 128, 256, 512, 1024, 2048 were considered with ensembles numbering 10 4 , 3000, 2000, 800, 300, 100, 80, respectively, and for the largest sizes our computational power allowed the scanning only of more restriced regions of simulated strain.
Equation (2) is represented in the computer by
The mapping to different sample sizes, while the physical dislocation density is kept constant, occurs by our introducing natural quantities
26 Then physical quantities are obtained from the physical density ρ ph as
To give an example, if on the natural scale γ = 0.35 then for the generic physical variables ρ ph = 2 · 10 14 m −2 and b ph = 2Å we would obtain the physical deformation γ ph = 0.1%.
In the scenario presented here firstly we let the system relax without external stress to form the initial state with γ = 0. Then we apply quasi-static stress loading, i.e., we increase the external stress by a small rate, similar to what was applied earlier. 7, 9, 30 Having experimented with various stress rates we finally choseτ ext = 5 · 10 −5 . The stress is kept increasing so long as the mean absolute velocity of the dislocations remains under the threshold 5 · 10 −4 . If that threshold is surpassed (this is our definition of an avalanche) then the external stress is kept constant until the mean absolute velocity drops again below the threshold. The end state is a steady flow, that is, an infinite avalanche, because in the absence of dislocation creation no work hardening takes place for large deformations.
Individual stress-strain curves and effective motion between avalanches: We first show typical dislocation configurations for various plastic deformations γ along our scenario in Fig. 1 . Firstly, dislocations relax in the ab- sence of external stress, forming a random-looking configuration of numerous smaller clusters, see Fig. 1a . Due to the increasing external stress the deformation γ generically increases, while clusters grow mainly in the y direction (1b). Beyond some threshold steady flow emerges, marked usually by a single dipolar wall, spanning across the whole simulation area (1c), while one-or-two dislocations are circling quickly along their slip axes, in conformance to the periodic boundary conditions. Hence we must conclude that in the steady flow boundary effects are important, thus our model may not be realistic in this region, and so we concentrate our study to smaller deformations. The plastic stress-strain curves τ ext (γ) of individual realizations are like staircases, they exhibit a sequence of plateaus of constant stress corresponding to avalanches, in accordance with earlier results, 1-5,7 see Fig. 2 . A novel observation here, to our knowledge not noted earlier, is that between plateaus, where the stress increases, the τ ext (γ) functions are nearly linear. For the sake of comparison we normalized each increasing segment to a function g(x) starting and ending at the opposite corners of the unit square as
where γ 0 , γ 1 and τ 0 , τ 1 mark the borders of the chosen segment. Such normalized segments of individual runs with γ < 0.2 were separately averaged for fixed sizes N , and the resulting curves fall onto each other and form g(x) in the inset of Fig. 2 . Here, also the standard deviation of the normalized segments is plotted, which is again nearly the same for various N 's. So the segments between avalanches on the stress-strain curves, normal- ized according to Eq. (3), follow on the average a universal, nearly linear form, with a universal variance. In order to test properties of the close-to-linear segments, we have run a few loading cycles on individual realizations with various stress rates. In most of the cases, apart from a small, smooth, transient due to the finiteness of the stress rate, and from tiny avalanches, reversibility was found.
Motivated by this "quasireversible" response, we surmise that deformations obey an effective equation of motioṅ
where (γ 0 , τ 0 ) the endpoint of the last avalanche, where the system is assumed to be in equilibrium, and F is the effective restoring force, depending only on the increment γ − γ 0 . Similarly as (3) associates g(x) with the stress, we normalize the force F (γ − γ 0 ) onto the unit square. Again, like the external stress in the inset of Fig. 2 , the mean normalized force very weakly depends on N , and this universal function is astonishingly close to g(x), which is the consequence of the low stress rate resultingγ(γ) ≪ τ ext (γ). Thus even the force is very close to linear. We emphasize, that near equilibrium of a dislocation configuration, for small displacements, the elastic energy of course grows quadratically, so there the response should be linear. The remarkable feature in our case is that linearity holds way up to near the onset of the next avalanche. This instability is indeed marked by the slight curving of the universal function close to one in Fig. 2 . Note that its slope there is not zero, whereas it would be zero in the case of a force-activated escape from a 1D potential, because of rare negative avalanches withγ < 0. In order to visualize the statistical nature of the quasireversible regions, in Fig. 3 we plot the cumulative prob- response here means that, due to the interaction of dislocations, an effective shear modulus arises. The latter can be interpreted as the plastic component of the total empirical shear modulus in real crystals. Note that in the present model elastic deformations are not included.
Mean stress as function of the strain: So far we concentrated on the quasi-reversible segments between avalanches, now we turn to the global statistical behavior of stress-strain curves. Firstly, we plot the average τ ext (γ, N ) over ensembles with fixed N in Fig. 4 . A main feature is the power law behavior over decades up to a strain approximately 0.05, (see inset), with exponent close to 1 for small sizes and decreasing with size to about 0.8. We can interpret this feature such that the nearly linear segments of the stress-strain curves are interrupted by the avalanche plateaus just in the way that an effective power function with a smaller-than-one exponent emerges. That is, avalanches soften the linearity of quasi-reversible segments and give rise statistically to a power law.
On physical scales, taking a lattice constant b = 2Å, a dislocation density ρ = 2 · 10 14 m −2 , the γ = 0.05 corresponds to γ ph ≈ 0.015%. It is important to note that this value is much smaller than the γ ph = 0.2% threshold value customarily considered to be the yield strain in engineering practice. The fact that the power law arises way below the empirical yield value indicates the determining role of avalanches for much lower plastic strains than expected earlier. On the other hand, this is in a convincing agreement with fatigue experiments on single crystals that showed irreversibility already below the physical range of γ ph = 0.01%.
31
Another important property seen in Fig. 4 is that for γ 1 the stress-strain curves seem to converge for large N , a criterion for the existence of a thermodynamical limit. On the other hand, for large strains, the N → ∞ tendency is inconclusive from our simulation, the stress values may even diverge. For intermediate strains 1 γ 100 the convergent bundle of the curves switches order for the sizes we considered. Note that for fixed strains γ 1 the stresses decrease with N . As discussed earlier in connection with physical units, increasing N here can mean increasing size with constant dislocation density. Therefore, larger stresses for smaller N 's as in Fig. 4 can be interpreted as a version of the property "smaller is harder". We emphasize, however, that our model has periodic boundary conditions, thus pileups, commonly held responsible for this phenomenon, 32 cannot develop. This tendency reverses for large strains, where the stress increases with N . In this region, however, where the configuration resembling a single wall forms, as seen in Fig. 1c , we do not suggest the model bears general relevance to real materials.
Standard deviation of the stress as a function of strain: Given the fact that the stress-strain response for macroscopic crystals with a fixed orientation is a well-defined, sharp curve, it is expected that the variance vanishes with increasing size. Accordingly, a decreasing variance was observed in micropillar experiments by Uchic et al.
2
To study this effect, we plotted in Fig. 5 the standard deviation ∆τ ext (γ, N ) of the stress for ensembles with fixed N for different strains. In the region γ 1, where the mean stress converged with N (see Fig. 4 ), the standard deviation decreases. We tested a power law convergence by plotting ∆τ ext (γ, N ) · N 0.4 in the inset of Fig. 5 , and indeed the collapse demonstrates that the deviation vanishes like 1/N 0.4 . Thus, recalling that we found a sharp limit for the average stress when γ 1, we can conclude that in this region there is a thermodynamical limit. On the contrary, for large strains Fig. 5 does not show convergence of the standard deviation, like there was no visible convergence of the mean in Fig. 4 either, so here thermodynamical limit is absent.
Conclusion and outlook: In this paper our aim was twofold. On the one hand, we uncovered quasi-reversible behavior with nearly linear response between avalanches in a 2D model of simulated dislocations. For large sizes, the effective plastic shear modulus appears to converge in average. As to the full stress-strain curves, the quasireversible segments conspire with the avalanche plateaus to yield on the average a power response curve. The second main question was about the thermodynamical limit, which is achieved by both a convergent mean and a vanishing variance of the stress for γ 1. In this region we observed also the analog of the size-effect, as found in micropillars.
2 For largest strains thermodynamical limit is not reached and we do not consider our simulations as conclusive there.
Our study opens a series of questions. The results on the quasi-reversible behavior between avalanches call for more detailed investigations. The statistical properties of the finite-size behavior is best characterized by distribution functions, among which here we only described that of the local effective plastic shear modulus, characterizing quasi-reversible regions. The distribution of the stresses is of obvious interest, and at avalanches are expected to be related to extreme statistics. A longstanding problem in this area is the transition to steady flow, wherein the absence of a single critical point, rather critical behavior for all strains, has been shown before, 29 but a detailed study is still overdue. Carrying forth experiments on micropillars 5 with various sizes and their comparison to the prediction from simulations would be of immediate interest.
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